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P R I M A R Y  C R E E P  IN  T H I C K W A L L E D  S H E L L S  

b y  

B.  E i n a r s s o n  

Research Institute of National Defense, Stockholm, Sweden. 

SUblMARY 

An analytic study of the problem of primary creep in thickwalled spherical and cylindrical shells is given. 
Particular emphasis is placed on the asymptotic phase and an explicit expression for the additional displace- 
ment, due to statical primary creep, is obtained. A numerical method for both primary and secondary creep 
is outliqed. 

1. Introduction. 

The problem of primary creep in spherical and cylindrical shells, with 
an internal pressure applied instantaneously, has been treated by several 
authors. A numerical method for the cylindrical case has been given by 
Besseling [i], but in the numerical results presented, the material ex- 
hibits only secondary creep. Analytic studies have been given by Hult [2] 
and Rosengren [3]. In [2] the initial phase is considered, and an expan- 
sion valid for small times is given. The asymptotic case for a thinwalled 
spherical shell with only secondary creep is treated with a perturbation 
method. This method was extended by Rosengren to include also primary 
creep in cylindrical vessels. 

2. Basic equatio~zs for spherical shells. 

T h e  t o t a l  s t r a i n  t e n s o r  eij i s  t h e  s u m  of  t h e  e l a s t i c  s t r a i n  t e n s o r  c ~  ) 

a n d  t h e  c r e e p  s t r a i n  t e n s o r  c ~  ) . T h e  e l a s t i c  s t r a i n  i s  g o v e r n e d  b y  H o o k e ' s  
l a w  

(e) i+~ - ~ 6ij, 
~ij : E aij ~ O-kk ( l ) 

while the creep strain is assumed to satisfy 

8t 2 K Xc)m Sij , (2) 
s 

el. Odqvist and Hult [4]. The. quantities K, m and n are non-negative 
constants with 3, = n/ (m ~- i) i> 1 for a large number of metals. The ease 
m = 0 applies to secondary creep, The stress deviation tensor sij, the 
effective stress ac and the effective creep strain ~$c) are defined by 

1 
su = aij - ~ ~kk ~ij (3) 
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3 
Ge2 = T Sij Sij (4) 

c(ec) 2 2 e!. c) 
: T ~ �9 ~} (~) 

T h e  s p h e r i c a l  s h e l l ,  w h i c h  is  l o a d e d  b y  an  i n t e r n a l  p r e s s u r e  p, is  c h a r a c -  
t e r i z e d  by  s p h e r i c a l l y  s y m m e t r i c  s t r e s s  a n d  s t r a i n  t e n s o r s ,  d e p e n d i n g  o n l y  
on r a d i u s  r a n d  t i m e  t .  T h e  p r i n c i p a l  d i r e c t i o n s  a r e  i n d e x e d  r , '  t ,  t ( r a -  
d i a l  and  t a n g e n t i a l ) .  T h e  s t r a i n  c o m p o n e n t s  a r e  

and 

au 

r = aT (6) 

U 
ct  = -- ' (7) 

r 

where u(r, t) is the radial displacement of a particle initially at radius r. 
The equilibrium conditions give 

3fir 2 
- T (~ - % )  = O. 

a r  
(8) 

The initial condition is 

47)( r ,  o) : o, 

while the obvious boundary conditions are 

(9) 

o F (a, t) = p 

% (b, t) = 0, 

w h e r e  a and  b a r e  i n n e r  a n d  o u t e r  r a d i u s  of  t he  s p h e r e .  
T h e  p r o b l e m  d e f i n e d  by  e q u a t i o n s  (1) - (11) w i l l  now be  s o l v e d .  

(i0) 

( t l )  

Since there is no creep strain at the first moment, the Larnd solution is 
valid as initial conditions for ~fj and cij, 

r-3 - b-3 

o r (r, 0) = - p (12) 
-3 _ 5-3 a 

i -3 b-3 r + 
% (r, 0) = p (13) 

a-3 _ b-3 

pa (i+~) a "3 + 2(i-2p) b -3 

u(a, 0) - (14) 
2E a "3 - b -3 

From (2) follows 

3cI<~) 
= 0 

3t 
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a n d  h e n c e  f r o m  (9) 

~(c) = 0 ,  ( 1 5 )  
kk 

e x p r e s s i n g  t h e  c r e e p  s t r a i n  i n c o m p r e s s i b i l i t y .  We n o w  c o n s i d e r  t h e  t o t a l  
strain sum 

Ck k = (~(k~) + <(e) c(e) 1 - 2 ~  
l,:k = kk" = - E - -  kk (1~) 

w h e r e  we  h a v e  u s e d  ( ! ) .  B y  e q u a t i o n s  (6) and  (7) we  o b t a i n  

8u + 2 u _ 1 - 2 ~  (17) 
0--F- r T O-kk" 

We now use the equilibrium equation (8) to express the sum CSkk in terms 
of ar(r,t), which gives 

8.._u_u + 2 u _ 1~2/~ 3 u. + r (18) 
Or r " - ~ r j "  

T h e  r a d i a l  d i s p l a c e m e n t  i s  t h u s  g i v e n  b y  

F( t )  u ( r ,  t) 1 - 2 ~  ( r , t )  + (19) = E r crr r0 ' 

with F(t)as unknown integration constant. From the stress tensor we ob- 
tain the effective stress 

Oe - O t - ~ 

and with (8) we get 

(20) 

1 r 
% =-~r - - .  ( 2 l )  

Or 

We now e x p r e s s  the  r e m a i n i n g  q u a n t i t i ( ' s  of  (2) in t e r m s  of cr r and  F ( t ) .  
T h e  t a n g e n t i a l  c r e e p  s t r a i n  c t~J i s  g i v e n  b y  t 

t r - E a t  ' Crkk. 

E q u a t i o n s  (8) a n d  (19) g i v e  

c (c) F ( t )  1 8a 

= - - r ~  + 7 s  ( / ~ - i )  r . . a r  " (2:~) 

We now consider the stress deviation s t and t*et 

1 l r " : 

st : % .~ o,~ k : .~ (% - '% i  7, - -  " 
0F 

The on]y remaining quantity of (2) is (~c: , ':~ilic}: is obtained from 

(24) 

:(C)ee - :'~, ( rr  + 2 ). (25) 
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From (15) follows 

e(C) ~%c)+ 2 e~C)=O, kk = 

and hence  (25) takes  the f o r m  

(26) 

2 4 c) (27) 

We now cons ide r  (2) in the tangent ia l  d i rec t ion  and obtain 

3ff m+l 3a 
3 + 2 ~  (/~-I) r = (m+l). K. 2"(n+m+l).(r r )n. (28) 
3--{ L r3 ~rJ 3r 

This d i f fe ren t ia l  equation toge the r  with the boundary  condit ions (10) and (11) 
and the initial  condit ions (12) and (14) def ines  a mixed in i t i a l -boundary  value 
p rob lem for  the functions ar ( r , t )  and F(t).  

3. Equations for cylindrical shells. 

The derivation of the equation corresponding to (28) in the case of internal 
pressure in a cylindrical vessel has been given by Rosengren [3] in the 
case of Poisson's ratio ~= 1/2. With earlier symbols we get 

3 If(t) r 2 3 a~lm+l 3rJ 
_ _  3 n+m+l. 30" 

4E r = (m+l).K.(-~) 2 .(r r ) n  
~r 

(29) 

where 

3 p 
f(0) = 2 - ' K  " 

a-2_ b-2 
(30) 

at(r ,  0) = p 
b-2- r-2 

a-2 _ b-2 
(31) 

%(a, t) = p (32) 

%(b,t )  = o. 

The other principal stresses are given by 

(33) 

~(r,t) = ar(r,t ) + r- 
r 

e r r  

(34) 

and 
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1 a 5  
% ( r , t )  = 5 ( r , t )  +-~r-- 

Dr. 
(35) 

The radial displacement is defined by 

1 
= - -  f ( t )  (36) u ( r ,  t) r 

We now introduce some new definitions in order to avoid unnecessary con- 
stants. 

1 
a ( x , r )  =--p- . % ( r , t )  (37) 

1 4 E 
: f ( t )  

g(r)  3 p a 2 
(38) 

3 n-m-i 
0 : i r a+ l )  ( -T )  -~ . K . p  n 

2/x 
,1.,, C k - 1  

"1" : 0 m + l  ( 2 ) 

k c 2 / X l  

E .  m§ 
(-:--) t (39) 

P 

(40) 

x = r / a  

c = b/a 

Introducing these new quantities in (29) 

2c 2 
g(o) = 

c 2 -i 

-(33) we obta in  

(41) 

(42) 

(43) 

(44) 

~(x, o) 
1 - (-~-) 

= 

C 2 1 
(45) 

~(1, r) = 1 

a (c ,  r) : 0 . 

We now introduce two new unknown functions w(x, r) and y(x, "r) by 

g(7) aa(x ,  r)  w(x,  7) = "  - x .  
x 2 Ox 

and 

w(x, r) = 
2 c 2/x [ - - 4 r  y ( x , r )  x - 2/x t 

k e 2/x 1 x 2 2 
- X 

(46) 

(47) 

(48) 

(49) 



12 8 B, E i~mrsson 

Originally we obtained the first term of (49) from the discussion in [3] 
on the stationary state and the other two terms from expanding w(x, 7) -- 
Y-I (x)~- + Yo (x) + Yl (x) 1 + .... We now use (49) as an attempt, where 
it remains to prove that y(x, T) is bounded. In fact, we will prove that 
y(x,7) tends to a constant when ~-tends to infinity. 

Dividing (48) by x and integrating from x = 1 to x = c we obtain, to- 
gether with the boundary values for ~(x, T), 

2c 2 c 
- -  j g(7)  = 2 ( 1 + W(X, T) dx ) (50) 
c -i x " 

i 

After some elementary calculations we get a pure initial, value problem 
for y(x, T) 

. . . .  d~ - y ( x ,  T) 
L c~ - i .t ~3 

9yCx,~)  = _  I + (51) 

a~- [ 2_six ] m  1 + ! ( y ( x , ~ )  - x ) 
T 

for T >  0 

S-S/X  
y ( x , O )  = x , (52) 

ay(x,O) / c z- 1 
- x 2 - 2 x -  1. ( 5 3 )  

aT 2tx 

The desired functions g(7) and ~(x, T) may be expressed in terms of y(x, T). 
The displacement is given by 

2 c~/x 2c2 ~ y ( ~ '  7) 
( T + - ) - - d ~  ) (54) 

g(~-) = -~ - "  c ~ i x -  1 c 2 1 F. 3 
1 

and the stress by 

c ).2/~ 
1 - ( -~  

~7(x, "r) = + 
e C':k - 1 

C 21'X 
2 

~- c 2 / x -  1 

i ] 
1 -- - -  

1 --- ] i 

c 2 
J 

We assume k > 1 (if ;~ = 1 we get the trivial case y(x,1) = 1 ). 
We first discuss the case of secondary creep (m = 0). 

(55) 
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T h e  d e n o m i n a t o r  of (5])  is t h e n  i d e n t i c a l l y  e q u a l  t o  i and  the  r i g h t  h a n d  
m e m b e r  i s  a f u n c t i o n  F [ x , y , z ]  = - 1+[1 + x -2''<?/x ( z - y ) ]  n wi th  

2ce f Y(~) 
z : ~3 d~ 

2c~ tc dEj 
Since~ - _ c  ~'~ l l | J  ~:~ = ] we f ind  tt:ut z i~ a m e a n - v a l u e  of y(x)  and  t h a t  

F [ x , y ( x ) , z J  i s  n e g a t i v e  a t  l he  m a x i m u m  p o i n t s  of y (x)  a n d  p o s i t i v e  at  
the  m i n i m u m  p o i n l s .  U s i n g  IhJs  p r o p e r t y ,  it i s  p o s s i b l e  t o  p r o v e  t h a t  the  
s o l u t i o n  y (x ,  T) of  the  i n i t i a l - v a l u e  p r o b l e m  t e n d s  to a c o n s t a n t  y.~ w h e n  
T tends to infinity. 

We now discuss the more interesting case m > O, where we will prove 
not only that y(x, T)--~ y= when w --~ ~ , but also obtain the value of the 
c o n s t a n t  5',~ in c ] o s c d  t'o~'m. 

By  c o n s i d e r i n g  the  s i g n  of  the  d e r i v a t i v e  and  ' the  i n i t i a l  c o n d i t i o n s  we 
f ind  ] ~< y (x ,  7) ~< c bc' ,x f o r  a l l  x a n d  T. In  o r d e r  t o  f i nd  the  v a l u e  of  Yoo 
we e x p a n d  y (x ,  ~-) in  t e r m s  o f ! .  We i n t r o d u c e  a f u n c t i o n  y*(x, "r) by  

T 

2-2/X t * [ 1~ X 4-4/X - Vco X + y (X, T) (56) 
~ ( x , z )  = y ~  + 1',~7 n " 

\ ~ h e r e  

9 - 2 / X  , ' 
O - C 2 : ' X  

1 if X r 2 (57 a) 
Y= = X-2 e~/X _ 1 

a nd  

C 
Y= c - ]  I n  c i f  3, : 2 .  (57 b) 

Since 

f l {  ] X 4-4/k V~ X ~'2/x dx : 0 (58) 
X 3 

1 

we o b t a i n  f r o m  equation (51), a f t e r  e x p a n d i n g  in  p o w e r s  of  1_ and  u s i n g  the  
fact thai: y*(x, 7) is bounded, 7 

a y ' ( x ,  7) : 1 + [-1 m y*(x, T) 
OT L T 

- y . ( x ,  7)) 
l + § 0 ) ,  (59)  

1 m (y~ x~- ' :"~) 
1 + 1 +---7 ~--~- 

where 

2c 2 y*(x, r )  
z*(~) : | 

c i - 1 ]J x :] 
dk. (6O) 

We now consider only maxima with respect to x and get 
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C 0 
ay*(x,r) ,  Or < -  m___r y * ( x , r )  +--2 (61) 

T 

f o r  x c m M a  x (y*(x, r ) ) ,  (the m a x i m u m  p o i n t s  w i th  r e s p e c t  to  x) w h e r e  C O 
i s  a f i x e d  p o s i t i v e  n u m b e r .  We n o w  c o m p a r e  w i th  t he  s o l u t i o n  of t he  o r -  
d i n a r y  d i f f e r e n t i a l  e q u a t i o n  

dY m Co 
dT T Y(T) + , (62) 

T 2 

which is 

Y(r) = 

CI Co 1 

T m m-I T 
me 1 

C l C 0 
--+--in 7 m = i 

T 3" 

(63 

It m a y  now be 

) y ' ( x , r ) l  < 

nroved t ha t  

C/r  m m < l  

C In  r m 1 (64 
T 

C 
-- m >  i . 
T 

<_ 

We h a v e  t h u s  p r o v e d  t h a t  y * ( x , r )  t e n d s  to 0 w h e n  r ~ o ,  w h i c h  g i v e s  
b y  e q u a t i o n  (56) t h a t  y ( x , r ) - >  ym, w i th  the  v a l u e  of 3%= g i v e n  by  (57).  

By a r e f i n e d  t e c h n i q u e  we o b t a i n  
p ,  

1 

. in(l+7) i +----'~--" v I-- y~ . + O( ) 

" i y '  

y ' ( x , ~ )  =. -~ + o ( - - )  
i + T T m 

In Y~'+ o( ) 
1+7 m 2 

V ~ 1 

2_L + o (--:) 
l "- 7 7- 

O < m < l  

m= 1 

i < m < 2 (65) 

r n =  2 

h i >  2 

rO ~ w h e r e  y i s  a c o n s t a n t  (for  m = 1 i t  i s  e a s  F to  p r o v e  31 < 0). 

F r o m  e q u a t i o n  (54) we now ge t  the  a s y m p t o t i c  d i s p l a c e m e n t  
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c2,/X c 2 _ c4/X 
2 - 4- )t(X- B) if X / 2 (66 a) g~.(-r) : 7 - .  X c2/X_ 1 (e 2/x - 1 )  s 

and 

C + C )2 
g.(T) : ~- . c-1 (-~2"]"-1 " In e if X : 2. (66 b) 

The value of g,~ (0) is of special interest and is given below expanded in 

terms of A : c - I. 

~(o) : - Z  1 +-~z~ + Z  ~ + 3x2 ~B + o(~) . (67) 

This result will be compared with the initial value (44) 

2cS 1 [1 + 3 1 /,,2 + 0(2,3)I " (68) 
g(0) : - -~ -7 n + 7 -  

c2-i 

Fiom (55) and (56) we get the asymptotic stress 

( c )2 /x  1 - 

~(x) -- , (69) 
c2/X _ I 

which is a well-known result. 

For m > 2 we obtain 

c,, E ] 
2 Yi 1 

7+ ~% +-- + 0(--) 
g(T)- X c s/x _ i I+T 7 ~ 

(7o) 

and 

or(x ,  "r) - 

~ f x ~ 2 ,  

F 

lc <'x- (c)2/Xx_ 1 ~ l+'rl mn c-'/xcC/X- 1 l y'~ (1 -x -2/x) x~-<'xs -2- 1 
1 

+ o(--) 
T2 

(7 1 a) 

C 
1 --- 

x l m c 
<~(x,r) = - -  + 

I+7" 2(m+i) " c-f " 
c - 1 

c [) ] I 
c--~ " In c (I - - in x 4 0(--) 

X T: ? 

(71 b) 

if k - '2 

Corrcspondins I'(,~Jnulas may be derived for other values of m. 
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4. Numerical procedure. 

The fo l lowing i n i t i a l - v a l u e  p r o b l e m  is to be so lved  in the s e m i - i n f i n i t e  
,~trip 0 < x 4 1, t >t O: 

1 

8Y(x't)-Fat [x,t,y(x,t), / ,(,)y(g,t)dg ] (72) 

0 

y(x,0) = Y0 (x) (73) 

Tile functions F[x,t,y, z] and y (x) have continuous (partial) derivatives of 
the first order and H(x) is non-negative and continuous. By considering the 
Banach space of continuous functions y(x) on 0 < x 4 1 with the maximum 
norm wc can use tile existence and uniqueness theorem for the ordinary 
d i f f e r e n t i a l  equa t ion  on a Banach  space  (see Kato [5]) to prove  the e x i s -  
t ence  of a unique so lu t ion  of the i n t e g r o - d i f f e r e n t i a l  equa t ion  in the r e g i o n  
0~< x-.< 1, 0-.< t 4 T. 

In o r d e r  to show tha t  y ( x , t )  ~ y= when t --,co we i n t r o d u c e  the p r o p e r t y  
C by the fo l lowing  
D<finiHo:z. The func t ion  F [ x , t , y , z ]  has  the p r o p e r t y  C if: 
1 ~ . F [ x , t , y ,  z] is  i ndependen t  of t ,  

2 ~ " 

where 

and 
] 

with z = ] ~(x)y(x)dx the fo l lowing i n e q u a l i t i e s  hold fo r  a l l  y(x) 

0 

F Ix, y, z] < 0  for  x c. XMax (y) 
F [ x , y , z ]  > 0 for  x~-XMm(y)  
F Ix, y, z] = 0 if  y(x) is c o n s t a n t  

XMa x ( y ) =  ( x  I y(x) = Max y(x),  y ( x ) n o t  c o n s t a n t  } 
O~x41 

X~,lt n ( y ) =  ~ x  t y(x) = Min y(x),  y ( x ) n o t  c o n s t a n t  ] .  
O~x~l 

We then  have the fo l lowing  t h e o r e m ,  which is  p roved  in an  unpub l i shed  
r e p o r t .  

Theo~,ern. If F has the property C and if y(x,t) is the solution of the ini- 
tial value problem then Max y(x,t) is a decreasing function of t. If in ad- 

O~x~l 
dition F' [ x ,y (x , t ) , z ( t ) ]  ~<- c < 0 for a l l xc  [0 ,1 ]  and all t > 0 then y(x,t) 
tends toY a constant when t - .  ~o. 

The numerical procedure used to obtain the solution is the Runge-Kutta 
method. To determine the integral we need a quadrature formula, that 
preserves the property I~ to the discrete case. We therefore construct a 
formula analogous to Simpson I s rule by requiring 

a+h 
J y(x) 

- -  dx = b I y ( a -h )  + boy(a)  + b ly (a+h)  + R(y), (74) 
a-h X3 

with R(y) = 0 for y = i, x and x 2. We gei 
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h(a+h) I i 
a a + h  

(a  2 _ h~)2  h .  a 2 h 2 + - - 2 h  '~' I n  a - h '  

1 I 
_ _  a+h 

2a - -- in -- and 
bo - h a~_h 2 h 2 a-h' 

(75) 

h(a-h) a I l a+h 
bi _ + in ~ . 

( a  2 _ h  2 )2 h 8.2 _ h  2 , ', 2n ~ 

The quadrature error for a fixed interval is 0(h 4) while the truncation er- 
ror in one step of length k is 0(k ~) with the Runge-Kutta formula (see eog. 
Henrici [63 ) The total error" is thus O(k 4) + O(h4) Because of the pcop- 
erty C the error growth is at most linear in t 

It was found satisfactory to use the time step 0.0] and 10 sub-intervals 

f o r  x. 

5. Discussion of results ,  

A quantity of main interest is the displacement u(a,t) of the inner sur- 

face of the vessel, see Fig, i. 

u(a,t) 

II  . 
r 

Fig, 1, The disps u(a , t )  of the iv.net sudace as function of the transformed t ime ~. 

The displacement is ol~tained from equations (36), (38) and (54), 

u ( a , t )  -- R| . [ ' r  + z( ' r ) ]  (76) 

w h e r e  

3 pa  2 
R**= T ~ 

eZl~ 

c 2/x - 1 
( 7 7 )  

a n d  

z(~) - 

2c 2 ? y(g, T) 

J c 2 -  1 i g3 
d g  . (7~) 
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T h e  a d d i t i o n a l  d i s p l a c e m e n t  W, d u e  to  s t a t i c a l  p r i m a r y  c r e e p ,  i s  o b t a i n e d  
f r o m  e q u a t i o n s  ( 5 6 ) a n d  ( 5 7 ) i f  m > 0o (If m = 0 we  h a v e  t o  u s e  a n u m e r i -  
c a l  c o m p u t a t i o n  to  o b t a i n  y ~ .  ) F o r  m > 0 we h a v e  W = R ~  . [ y ~  - z ( 0 ) ]  
or  

f C2 - C4/A 2Cz 1 W 3 pa  2 
= - - $ - U  ~t(x-2)  (c~X 1)~ - -  c 2- 1 

if X 4 2 (79 a) 

a n d  

W :  4 E ( )~" 

2c ) 
i f  k = 2, (79 b)  In  c e 2 -  1 

o r  expanded in terms of  A = c - i 

(X-l) ~ 
3 p a  __.A + O(A2). (80) W =- -~  . E 

3. ;~2 

This result is not in complete a~reement with the result of Rosenzren [3] 

(X- 1 )~ (k+l )  
:~ pa A + 0 ( ~ )  , ( 8 i )  

3, k c 

o b t a i n e d  a f t e r  s o l u t i o n  b y  l he  p e r t u r b a t i o n  m e t h o d  f o r  t h i n w a l l e d  v e s s e l s .  

2.0 

L8 

1.6 

1.4 

1.2 

1,0 
o i ~ 

Fig. :2. Secondary creep. 

The function y(x,m) is gi\on for x = 1.0, 1.2, 1.4, Io5, 1.6, 1.5 and 2.0 and i~representcdbv 

~olid cur\cs, while z(v) is represented by a dashed cur\c, The paramctcts aru m~q~, n='2 and c :- 2, 
giving yIx,0) = x and z@) = 4,8.  lhc computed vahlc of )'. is J.3.~I~7. 

We are especially interested in how z(T) approaches the constant y . For 
m > 0 we obtain from (56) and (65) that this convergence is of the type 
I/% while the computations show an exponential convergence if m = 0. in 
figures 2 and 3 we give examples of this. 

A very simple measure of the duration of the transicni period is ~iven 
by the quantity ~-* introduced by Hult [2] and defined from the rate of 
growth of the inner radius (Fig. 4~ 
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1.11 y (x,z') 

~ 
0 1 2 3 4 5 6 7 

Fig. 3. Pr imary creep .  

The function y(x,T) is g iven  for x = 1 .0% 1 .02 ,  1 .04 ,  1 .05 ,  1 .06 ,  1 .08 aild 1.10 and is r ep re -  

sented by solid curves ,  whi le  z(~') is represented by a dashed curve .  The parameters are II] ;z 1 ,  

U r; ~ and c = 1 .1 ,  gi \ . ing y(x ,0)  = x 3 / 2 ,  z(0) = 1.0'72577 and y~ = 1 .074404.  

a u(a,t  ) 
~ r  

~ *  Z" 

Fig. ~. The rate of growth of the tuner radius with rcsp, ct to the transformed t ime  "t as fmiction oi z .  

D i f f e r e n t i a t i n g  (76 )  w e  o b t a i n  

8 u ( a ,  t )  ~ . [ 1  z ~ - a + ,(7)], (s2) 

and 7* is o'btained from 

r* = - z '  (0) /z"(0)o (83) 

F r o m  ( 5 1 ) - ( 5 3 )  we get the f o l l o w i n ~  e x p r e s s i o n  f o r  the d u r a t i o n  of th{-.' t r ' an -  
s ient  p e r i o d ,  e x p r e s s e d  in  seconds,  

1 (n! ~ 2 )  m+l  

2.]57.. K p 7 ~  ( m + l ) ' ~ ' "  
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-h  

f 
(1-c  '2x ). ( i - c  -2 )X _ ki-x (1-c  "2/x )-X ( t - c  -B )2;<+1 / m+J 

f I (1-c -2  ) ( I - e  2..4x) _ (1-c-2 x )2 
2A-I  

(84) 

It is essential that this t* has an immediate connection to half-life periods 
only for m : O, since it is only in this case 'the function is exponential. 

A P P E N D I X  

In this appendix the results for the spherical case are given. 
Definitions: 

1 
2 E 

= F( t )  (85) G ( r )  i - /~  p a3 

2-11 
8 = ( r e+ l )  K . pn .  (E)m+] 

( i - / ~ )  m+t P 

1 C3/'x 
3 _ _  )x-] 

r = (9'n+:l ('~ c 3/x - 1 

t (86) 

Differential equation 

O G ( r )  a~ ao )n 
X -- ( X  

~(9 x a 7 7  

Initial conditions 

3c 3 
G(0) = - -  

c a- 1 

1 - ( c ) a  

e ( x ,  O) - 
c 3 - i 

T h e  b o u n d a r y  c o n d i t i o n s  (46) a nd  (47) r e m a i n  u n c h a n g e d .  

G ( r )  8cy(x, r) 
w ( x , r ) o - - -  x 

x3 ~x 

w(x,  r)  3 r y(x, r) 
- - -  + - -  X -3''\ 

A C3 ,,\ _ ]. X: B X3 

3ca ( w(x, r) 
G(T) _ - -  (1 + - -  d x )  

J X 
e 3 - 1 i 

(87 

(88") 

(89) 

(90) 

(91) 

(92) 

(9:5) 
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T h e  n e w  i n i t i a [  v a l u e  p r o b l e m  i s  d e f i n e d  b y  

a y ( x , r )  = _ 1 + 
OT 

( 3c3 i y(~' "r) 
I + x "3+3/x - -  - 

0 3 _  i i  ~4 --dF. - y(x, 7-)} ]a 

[ 1 4 - 1 [  x}] m -$- y(x, r) - x3"3/ 

137 

(94) 

f o r  "r > 0,  

y ( x ,  0)  = x a - 3 / x ,  a n d  (95)  

~  1 

T h e  d e s i r e d  f u n c t i o n s  G(T)  a n d  ~(x,~-)  a r e  e a s i l y  e x p r e s s e d  i n  t e r m s  of  
y ( x ,  r ) .  

c 
c3/X 3ca I y(~'r) 3 ( ~ . + _ _  

G(T)  = ~- c 3/x _ 1 c 3 -  1 ~4 
t 

C , / �9 3 / ~  
i - (x-) 

~(x, T) = 
c 3/X _ 1 

1 

x 3 ~ y (~ ,  7) 

1 J ~4 
1 - - -  1 

c 3 

F o r  m > 0 w e  o b t a i n  

3 4- 
X 

1 m 
y(x,T) = 5% + 

l+ " r  n 

C3/'X 

c 3/x - i 

- - d ~ )  (97) 

x 

- - d ~  - f 
1" 

y(~, 7) 
~4 

- -  dE; ( 9 8 )  

Xd-6,'X - y= x ~-:~ix } + y*(x, r), (99) 

w h e r e  

1 
} ~  = ~ t - 2  

C 3-3''X - C 8 / ~  

c 3 X _ 
i f  3_ t 2, (100 ~t) 

a n d  

c 3  2 
3 

~E .. . . .  2 . . . .  
C" = - l 

in  c if )t = 2~ (100 b) 
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with y ' (x ,  7) bounded  a s  in the c y l i n d r i c a l  c a s e  
The a d d i t i o n a l  d i s p l a c e m e n t  is  g iven  by 

and  

(eq. 

f e 3 -  c6/X 3e3 t i - ~  pa 3 _ . 
W = - 7 - - ~ - -  ~ "  (c 3/x - 1) 2 e 3 -  1 

f c3 W l - p  pa 9 . In c 
- 2 E -4" (c3/2 - 1) 2 

or  expanded  in t e r m s  of A = e-1 

W i - ~  pa 3 (~- i )2  
. . . .  ZX + 0(A2).  

2 E 4 x2 

3c3} 
e 3 -  1 

64). 

i f  k r 2 (101 a) 

i f  X = 2, (101 b) 

(102) 

The t i m e  t* i s  g iven  by Hult [2 ]  in  the s p h e r i c a l  c a s e .  
F o r  those  who wish  to so lve  equa t ion  (94) we give the c o r r e s p o n d i n g  qua-  

d r a t u r e  c o e f f i c i e n t s  for  the e v a l u a t i o n  of 

a+h y(x) 
- d x .  

x 4 
a -h 

a 2 + 4ah + 3h 2 
1 

b.  1 
- 3 h (a 2 - h2) 3 

4 1 
b 0 - 3 h (a 2 - h2)  2 

a 2 - 4ah + 3h 2 
1 

b I 
- 3 h (a 2 _ h 2 )3 

(103) 
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